Abstract. We propose a generalization of a conjecture of D. Quillen, on the vanishing of André-Quillen homology, to simplicial commutative rings. This conjecture characterizes a notion of local complete intersection, extended to the simplicial setting, under a suitable hypothesis on the local characteristic. Further, under the condition of finite-type homology, we then prove the conjecture in the case of a simplicial commutative algebra augmented over a field of non-zero characteristic. As a consequence, we obtain a proof of Quillen's conjecture for a Noetherian commutative algebra -again augmented over a field of non-zero characteristic.
Introduction
In [1] and [12] , M. André and D. Quillen constructed the notion of a homology D * (A|R; M) for a commutative algebra A, over a ring R, and an A-module M. It was then conjectured (see Section 5 of [12] ) that, under suitable conditions on R and A, the vanishing of the homology in sufficiently high degrees determines A as a local complete intersection. In particular, for local rings, the conjecture takes the following form. In this form, 1.1 was proven by L. Avramov, in outline form, in [2] , and, in much greater generality, in [3] . Recall that a local ring R is a complete intersection if its I-adic completionR is a quotient of a complete regular ring by an ideal generated by a regular sequence. From this description and the properties of André-Quillen homology, the implications (3) ⇒ (2) ⇒ (1) in 1.1 are immediate.
The objective of this paper is to extend a version of 1.1 for simplicial local rings in an effort to bring the full power of simplicial homotopy theory to bear on this type of problem and thereby obtain a different proof of 1.1 closer in spirit to the topological results of J.-P. Serre in [14] and Y. Umeda in [16] .
In [13] , D. Quillen gave a construction of André-Quillen homology D * (A|B; M) where B is a simplicial commutative ring, A a simplicial commutative B-algebra, and M a simplicial A-module.
Let R F be the category of (commutative) local rings, with residue field F, and sR F the category of simplicial objects over R F . It follows from [11] that sR F has three classes of maps, called weak equivalences, fibrations, and cofibrations, giving it the structure of a closed simplicial model category. Using this structure, we say that a simplicial local ring R is an n-extension if there is a cofibration sequence
in the homotopy category Ho(sR F ), such that S 0 is polynomial in R F andŜ 1 ∼ = Σ nS 1
in Ho(sR F ). Here Σ denotes the suspension in Ho(sR F ). (See §I.2 and §I.3 of [11] for the theory of suspension and cofibration sequences in homotopical algebra.)
We then say that R has finite simplicial dimension if s · dim R < ∞. (5) R is said to have finite-type homology provided each D q (F|R) is a finite dimensional F-vector space. (6) If R has both finite-type homology and finite simplicial dimension, we call R finite. Given a simplicial commutative ring R, then R is said to be locally of any one of (1) - (6) provided R ℘ is such, for each simplicial prime ideal ℘ in R. Given a simplicial prime ideal ℘ in R, we denote by F(℘) the residue field of R ℘ and we say that R is locally of non-zero characteristic provided charF(℘) = 0 for all such ℘.
We can now state our proposed simplicial generalization of Conjecture 1.1.
Vanishing Conjecture 1.3. Let R be a locally finite simplicial commutative ring which is locally of non-zero characteristic. Then R is a locally complete intersection if and only if R is locally Q-bounded.
In the rational case, while a complete intersection may be both Q-bounded and of finite simplicial dimension, the converse is not true. See the note following Proposition 3.4 regarding counter-examples.
To demonstrate the validity of 1.3, we consider the subcategory, A F , of R F , consisting of augmented F-algebras, i.e., unitary F-algebras A together with a fixed F-algebra map A → F, called the augmentation of A.
In this paper, we give evidence for Vanishing Conjecture 1.3 by proving: 
Homotopy Theory of Simplicial Augmented Commutative Algebras
We now review the closed simplicial model category structure for sA F . We will assume the reader is familiar with the general theory of homotopical algebra given in [11] .
We call a map f :
Here a map f : A → B in sA F is almost free if there is an almost simplicial Fvector space (no d 0 ) V (see [7] ) together with a map of almost simplicial F-vector spaces V → IB such that the induced map A ⊗ S(V ) ∼ = −→ B is an isomorphism of almost simplicial algebras. Here S is the symmetric algebra functor. Now given a finite simplicial set K and a simplicial algebra A, define A ∧ K and A
Here the tensor product ⊗ is the coproduct in sA F . The product in sA F is defined as Λ × F Γ, for Λ, Γ in sA F , so that the diagram
is a pullback of simplicial vector spaces.
Theorem 2.1. ( [11] , [10] , and [7] ) With these definitions, sA F is a closed simplicial model category.
Given a simplicial vector space V , define its normalized chain complex NV by
Thus for A in sA F we define π * A as above. The Eilenberg-Zilber theorem (see [9] ) shows that the algebra structure on A induces an algebra structure on π * A.
If we let V be the category of F-vector spaces, then there is an adjoint pair
where I is the augmentation ideal function and S is the symmetric algebra functor. For an object V in V and n ≥ 0, let K(V, n) be the associated Eilenberg-MacLane object in sV so that
Let S(V, n) = S(K(V, n)), which is an object of sA F . For A in A F , the indecomposable functor QA = I(A)/I 2 (A) which is an object of V. Furthermore, we have an adjoint pair
provides an equivalence between V and the category of abelian group objects in A F .
For A in sA F , we define its André-Quillen homology, as per [7] and [8] , by
of the unit F → A as a cofibration and a trivial fibration. This definition is independent of the choice of factorization as any two are homotopic over A (note that every object of sA F is fibrant). It is known (see, for example, [10] ) that
. From the transitivity sequence, one can easily check that D 0 (F|A) = 0, and
where S(n) = S(F, n) and [ , ] denotes the morphisms in Ho(sA F ). Thus the primary operational structure for the homotopy groups in sA F is determined by π * S(V 0 ) for any V 0 in sV. By Dold's theorem [6] there is a triple S on graded vector spaces so that
encoding this structure. If charF = 0, S is the free skew symmetric functor and, if charF > 0, S is the free divided power algebra on the underlying vector space of a certain free algebra constructed from the input (see, for example, [4] and [7] ).
Now recall that maps
and then let M(f ) = X ⊗Ā F, which is cofibrant. As an example, the suspension ΣA of an object A in sA F by M(ǫ), where ǫ : A → F is the augmentation. Finally, recall that the completionÂ of a simplicial augmented algebra A is defined aŝ
If f : A → B is a map of simplicial algebras, we denote byf :Â →B the induced map of completions. We can now summarize methods for computing homotopy and André-Quillen homology that we will need for this paper. 
Proof. (1) is a standard result. See, for example, [12] or [8] . For (2), see chapter IV of [7] and [15] . Finally, (3) is in [7] .
2
The following is a selection of results from [15] .
Proposition 2.3. Let A and B be in sA F . Then
Remark. If H Q 0 (A) = 0 then Proposition 2.3 (4) follows from a Quillen fundamental spectral sequence argument. This is due to the fact that while this spectral sequence doesn't directly converge to π * A it does allow, under the above condition on H Q 0 , sufficient information to be extracted about the indecomposables (see [15] for further details). This case is sufficient for our needs.
There is a long exact sequence
There is a first quadrant spectral sequence of algebras
which we refer to as the Eilenberg-Moore spectral sequence. [7] . (2) is the spectral sequence of Theorem 6(b) in §II.6 of [11] . See also [7] . By Theorem 6(d) in §II.6 of [11] , there is a 1 st -quadrant spectral sequence
, where π * A is an A-module via the augmentation A → π 0 A. Here we can assume our cofibration sequence is a cofibration with cofibre C. Since A is connected, then B ⊗ A π * A ∼ = C ⊗ π * A. The algebra structure follows from the construction of the spectral sequence and the fact that A f → B is a map of simplicial algebras. This gives us (3). For (4), since A is connected and C is n-connected, then in the Serre spectral sequence
which we propose is our desired map τ . From this same spectral sequence, we have π s A ∼ = π s B, s < n, and, using methods modified from the next section, we can assume that N s IC = 0 for s ≤ n and
n+1 is constructable in precisely the same way as the boundary map in homological algebra. Since we can assume cofibrancy of our objects under consideration, then the diagram
commutes by naturality. The result follows. 
Postnikov Envelopes
In this section, we construct and determine some properties of a useful tool for studying simplicial algebras. First, we recall the following standard result which will be useful for us (see section II.4 of [11] ). Lemma 3.1. Let V and W be simplicial vector spaces. Then the map
is an isomorphism. Now given A we form the Postnikov envelopes as the sequence of cofibrations
with the following properties:
There is a cofibration sequence
The existence of a Postnikov envelopes follows easily from Proposition 2.3, Proposition 3.2, and
Proof. This follows from 3.2 and the transitivity sequence
Note: We have been implicitly using the computation Proof. Since A is connected, then A is (n − 1)-connected by the Hurewicz theorem. By 3.2, f n : S(H Q n A, n) → A is an H Q n -isomorphism and hence a weak equivalence by 2.2(2). 2
Note. From this proposition, if charF=0 then S(V, n) has simplicial dimension n and π * S(V, n) is free skew-commutative on a basis of V concentrated in degree n. Thus S(V, n) is Q-bounded, for any n, showing that Vanishing Conjecture 1.3 fails in the zero characteristic case.
The Homotopy and Homology of n-Extensions
Call an object A in sA F a simple n-extension if A is an n-extension in sA F with S 1 = S(V 1 , 0), V 1 in V. Also, for this section and the next, we define the simplicial dimension of A to be s · dim A = max{s| H Q s (A) = 0} We now proceed to prove:
(1) If A is a connected simple n-extension for n ≥ 2, then, in Ho(sA F ), we have (1)) is also of finite-type. We begin with Lemma 4.2. Let A in sA F be a connected simple n-extension for n ≥ 2. Then A is an n-extension of the form
) A is a complete intersection if and only if A is a simple 1-extension. (3) If A is a complete intersection then H
Proof. Let V 0 , V 1 be vector spaces so that there is a cofibration sequence
Then the transitivity sequence tells us that H Q s A = 0, s = n, n − 1 and there is an exact sequence
Thus A is n − 2 connected and Postnikov tower gives us a cofibration sequence
Proof of Theorem 4.1 (1) . By Lemma 4.2, there is a cofibration sequence
, where we can assume A is cofibrant, i is a cofibration, and j is the cofibre. Consider the commuting diagram
A with the rows exact. Thus π n j is onto and, hence, h : Proof of Theorem 4.1 (2) . If A is a complete intersection then it is a 1-extension of the form S 0 → A → S 1 with S 0 polynomial andS 1 regular as simplicial augmented algebra. By Lemma 4.3, A is thus a simple 1-extension. The converse is clear.
Proof of Theorem 4.1 (3).
If A is a complete intersection, then H Q s (A) = 0, s ≥ 2 follows (2) and the transitivity sequence. Consider now the Eilenberg-Moore spectral sequence E 2 s,t = T or
which is a first quadrant homology-type spectral sequence of algebras. Since H Example. Suppose an augmented commutative F-algebra B is a complete intersection. Then there is a complete regular algebra Γ and an ideal I, generated by a regular sequence, so that Γ/I ∼ =B. As we saw, Γ ∼ = S(V 0 ), so the condition of regularity on I is equivalent to there being a projective extension, that is, (see [7] ) an extension
so that i makes S(V 0 ) into a projective S(V 1 )-module. In Ho(sA F ),B is equivalent M(i) and so there is a cofibration sequence of the form
Thus,B, and hence B, is a complete intersection as a simplicial algebra.
Proof of Theorem 4.1 (4) . Since H Q 0 (A) = 0, the fundamental spectral sequence E 1 s,t = S s (H Q * (A)) t ⇒ π tÂ , converges. From the known structure of S (see e.g. [4] ), if V is a finite-dimensional vector space then each S s (V ) t is finite and S s (V ) t = 0, s ≫ 0 for each fixed t. The result follows.
Proof of Theorem 4.1 (5) . First, (a) is immediate from the transitivity sequence. For (b), V = H Q 0 (A) is finite and the Eilenberg-Moore spectral sequence has the form E 2 s,t = T or
Since S(V ) has finite flat dimension and π * A is a graded S(V )-module then
vanishes for s ≫ 0 and vanishes for t ≫ 0 if π * A is bounded. We conclude π * M(f 0 ) is bounded and hence π * A(1) is Q-bounded, by Proposition 2. 
The Poincaré Series of a Simplicial Algebra
For this section, we assume charF = p > 0. Let A be a connected simplicial augmented commutative F-algebra such that π * A is of finite-type. We define its Poincaré series by
If V is a finite-dimensional vector space and n > 0 we write ϑ(V, n, t) = ϑ(S(V, n), t).
Given power series f (t) = a i t i and g(t) = b i t i we define the relation f (t) ≤ g(t) provided a i ≤ b i for each i ≥ 0. Proof. From the Serre spectral sequence
If the cofibration sequence is split then the spectral sequence collapses, giving an equality. 2
If Π is a finitely-generated abelian group and n > 0 let
Lemma 5.2. Let V be a finite-dimensional vector space and Π a free abelian group of the same dimension. Then for any n > 0 ϑ(V, n, t) = ϑ(Π, n, t).
Proof. As shown in [5] , there is a weak equivalence of simplicial vector spaces
which gives us the desired result. Proof. This follows from Lemma 5.2 and the results of J.P. Serre in [14] and Y. Umeda in [16] .
Now given two power series f (t) and g(t) we say f (t) ∼ g(t) provided lim t→∞ f (t)/g(t) = 1. Given a Poincaré series ϑ(V, n, t), for a finite-dimensional F-vector space V and n > 0, let ϕ(V, n, t) = log p ϑ(V, n, 1 − p −t ). Proof. This follows from Lemma 5.2 and Théorème 9b in [14] , for charF = 2, and its generalization in [16] . which is clearly false for n > 1. Thus n = 1. The rest of the proof follows from Proposition 3.4. 2
Proof of Theorem 1.4. The "if" part is Theorem 4.1 (3). We thus concentrate on the "only if" part. We are given a finite simplicial augmented commutative F-algebra A such that π * A is bounded. By Theorem 4.1 (4) and (5), A(1) is connected, Q-bounded, finite, and π * A(1) is of finite-type. Thus A(1) is bounded as well and we conclude A(1) ∼ = S(H Q 1 (A), 1) by Theorem 5.5.
